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Abstract. This paper investigates how to make improved action selection for online

policy learning in robotic scenarios using reinforcement l earning (RL) algorithms.

Since �nding control policies using any RL algorithm can be v ery time consuming, we

propose to combine RL algorithms with heuristic functions f or selecting promising

actions during the learning process. With this aim, we inves tigate the use of heuris-

tics for increasing the rate of convergence of RL algorithms and contribute with a

new learning algorithm, Heuristically Accelerated Q-lear ning (HAQL), which incor-

porates heuristics for action selection to the Q-Learning a lgorithm. Experimental

results on robot navigation show that the use of even very simple heuristic functions

results in signi�cant performance enhancement of the learn ing rate.
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1. Introduction

Reinforcement learning (RL) algorithms are very attractive for solving

a wide variety of control and planning problems when neitheranalytical

model nor a sampling model is available a priori, since many of them are

known to guarantee convergence to equilibrium in the limit (Szepesvari

and Littman, 1996) and to provide model-free learning of adequate

sub-optimal control strategies.

In RL, learning is carried out online, through trial-and-er ror inter-

actions of the agent with the environment. Unfortunately, convergence

of any RL algorithm may only be achieved after extensive exploration

of the state-action space, which can be very time consuming.

However, the rate of convergence of an RL algorithm can be in-

creased by using heuristic functions for selecting actionsin order to

guide the exploration of the state-action space in a useful way. This

paper investigates how to make improved action selections based on

heuristics in on-line policy learning for robotic scenarios. We present a

new algorithm, HAQ-Learning, which incorporates heuristics for action

selection to the well-known Q-Learning algorithm.

A series of empirical evaluation of the algorithm in a commercial

simulator for the robot navigation domain were carried out. We show
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that even using very simple heuristic functions, the performance of the

learning algorithm can be improved.

The paper is organized as follows: Section 2 brie
y reviews the

reinforcement learning approach, describes the Q-Learning algorithm,

and presents some approaches to speeding up RL. Section 3 presents

a general formulation and relevant issues for heuristically-accelerated

RL algorithms. Section 4 describes some approaches for the design of

the Heuristics functions. Section 5 shows how the learning rate can be

improved by using heuristics to select actions to be performed dur-

ing the learning process in a modi�ed formulation of the Q-Learning

algorithm. Section 6 describes the robotic navigation domain used in

the experiments, presents the experiments performed, and shows the

results obtained. Finally, Section 7 provides the conclusions and indi-

cates avenues through which the research proposed in this paper can

be extended.

2. Reinforcement Learning

In this section we �rst review some basic principles of Markov De-

cision Process (MDP) and then present the basic formulationof the

Q-learning algorithm, a well-known RL technique for solving MDPs.
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2.1. Markov Decision Processes

Let us consider a single agent interacting with its environment via

perception and action. On each interaction stept, the agent senses

the current state st of the environment, and chooses an actionat to

perform. The action at alters the state st into a new state st+1 , and a

scalar reinforcement signalr t (a reward or penalty) is provided to the

agent to indicate the desirability of the resulting state.

Formally, a Markov Decision Process problem is de�ned as follows.

Given:

� A �nite set of possible actions a 2 A and process statess 2 S,

� A stationary discrete-time stochastic process, modeled bytransi-

tion probabilities P(st+1 jst ; at ), and

� A �nite set of bounded reinforcements (payo�s) R, with r (s; a) 2

< ,

the agent must try to �nd out a stationary policy of actions a�
t = � � (st )

which maximizes the expected discounted value function:

V � (s0) = lim
M !1

E[
MX

t=0


 t r (st ; � (st ))] (1)

for every state s0. The superscript � indicates the dependency on the

followed action policy, via the transition probabilities P(st+1 jst ; at =
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� (st )). The discount factor 0 � 
 < 1 forces recent reinforcements to

be more important than remote ones. It can be shown that theoptimal

cost function

V � (s0) = lim
M !1

E[
MX

t=0


 t r (st ; � � (st ))] (2)

is unique, although there can be more than a single optimal policy

� � (Puterman, 1994). It must be stressed that formulations other than

based on the discounted cost function are also possible (Bertsekas,

1995).

2.2. The Q-Learning Algorithm

The goal of the agent in the most common formulation of the RL

problem is to learn an optimal policy of actions � � that maximizes

the expected discounted value function for any starting state, when

the reinforcementsR and the transition probabilities P are not known.

As the agent does not have a model forR and P, the action pol-

icy must be learned through trial-and-error interactions of the agent

with the environment, i.e., the RL learner must explicitly explore its

environment.

In an MDP there is at least one optimal policy � � that is stationary

and deterministic (Bertsekas, 1995). One strategy to learnan optimal

policy � � when P and R are not known in advance is to allow the agent
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to learn the action value measurementQ(st ; at ), de�ned as

Q(st ; at ) = r (st ; at ) + 

X

st +1 2S

P(st+1 jst ; at )V � (st+1 ) (3)

which represents the expected discounted cost for taking action at when

visiting state st and following an optimal policy thereafter.

The Q-learning algorithm (Watkins, 1989) iteratively appr oximates

the function Q, provided the system can be modeled as an MDP, the

reinforcement function is bounded, and actions are chosen so that every

state-action pair is visited an in�nite number of times. The Q learning

rule is:

Q(s; a)  Q(s; a)+

� [r (s; a) + 
 maxa0 Q(s0; a0) � Q(s; a)] (4)

where s is the current state, a is the action performed in s, r (s; a) is

the reinforcement received after performinga in s, s0 is the new state,


 is a discount factor (0 � 
 < 1), and � is the learning rate (� > 0).

One of the problems with the Q-learning algorithm is that, as the

agent iteratively estimates Q, at early stages learning is basically ran-

dom exploration. Also, update of the Q value is made one state-action

pair at a time, for each iteration with the environment. The l arger the
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environment, the longer trial-and-error exploration takes to approxi-

mate the function Q. To alleviate these problems, several techniques,

described in the next section, were proposed.

2.3. Approaches to speed up Reinforcement Learning

The SARSA Algorithm (Sutton, 1996) is a modi�cation of Q-lea rning

that admits the next action to be chosen randomly according to a

prede�ned probability, separating the choice of the actions to be taken

from the update of the Q values.

SARSA learning rule does not includes the maximization thatexists

in Q-learning learning rule (see equation 4), and is de�ned as:

Q(s; a)  Q(s; a)+

� [r (s; a) + 
Q (s0; a0) � Q(s; a)]: (5)

If a0 is chosen according to a greedy policy, SARSA becomes equiv-

alent to Q-learning and a0 = max a0 Q̂(s0; a0). But if a0 is selected ran-

domly according to a prede�ned probability distribution, t he SARSA

algorithm can achieve better performance than Q-learning,particularly

in cases where the set of actions is large (Sutton, 1996).
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It is straightforward to design an algorithm to learn the pol icy of

actions in execution time: at each iteration the algorithm estimates Q̂�

from � , and, at the same time, changes the probability distribution

that is used to choose the next action towards greediness. Inthis way,

SARSA estimates the policy of actions at the same time used tointeract

with the environment. Like Q-learning, this method has beenproved to

converge to optimal action values, provided that actions asymptotically

approach a greedy policy (Szepesvari, 1997).

Two di�erent methods have been proposed that combine eligibility

traces with Q-learning and SARSA: the Q(� ) (Watkins, 1989) and

the SARSA(� ) (Rummery and Niranjan, 1994). Eligibility traces, pro-

posed initially in the T D(� ) algorithm (Sutton, 1988), are used to speed

up the learning process by tracking visited states and adding a portion

of the reward received to each state that has been visited in an episode.

The eligibility of a state de�nes how often it was visited in t he

recent past. It can be used to increase the in
uence of statescloser to

the reward, and can be de�ned as:

e(u) =
tX

k=1

(�
 )(t � k) � s;sk ; (6)

where:u is the state that is being updated, t is the update time, � is a

discount factor for the temporal di�erences (0 � � � 1), 
 is a discount
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factor for future rewards (0 � 
 < 1) and � s;sk equals 1 ifs = sk and 0

otherwise (Kronecker Delta).

Q(� ) and SARSA(� ) extends the concept of eligibility to include

the state-action pair, by using:

e(u; v) =

8
>>>><

>>>>:


�e (u; v) + 1 if u = st e v = at ;


�e (u; v) otherwise.

(7)

Instead of updating a state-action pair at each iteration, all pairs

with eligibilities di�erent from zero are updated, allowin g the rewards

to be carried over several state-action pairs.

The Dyna architecture was proposed by Sutton (1990) as a way

to �nd an optimal policy by learning the environment model. I t is

characterized by the iterative learning of a direct model ofthe transition

probabilities P and of rewardsR, simultaneously with the application

of some method to compute the action values and action policy.

The Dyna architecture allows for the execution of real and hypo-

thetical experiences: real experiences receive the reinforcement from

the environment and are used to update the world model; hypothetical

experiences are executed using the learned model, and can beused

to explore actions that the real agent has never tried beforeor to

probe state-action pairs. In this way, the Dyna Architectur e allows
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the exploration to be done both in real and hypothetical experiences.

For the latter, this exploration can be done in a way to encourage other

exploration policies.

Sutton (1990) proposed two di�erent algorithms for the Dyna ar-

chitecture: Dyna-PI, that uses the well known Policy Iterat ion method

(Bertsekas, 1987) to compute the action values and action policy; and

Dyna-Q, that determines the policy in a way similar to the one im-

plemented in the Q-learning algorithm. In both algorithms, at each

iteration one real experiment and k hypothetical experiments can be

executed. In this way, Dyna-Q requiresk more times to execute than

Q-learning, but in practice requires an order of magnitude less steps to

�nd the optimal policy (Kaelbling et al., 1996).

A natural improvement that can be made to the methodology im-

plemented in the Dyna architecture was proposed independently in two

similar techniques, called Queue-Dyna (Peng and Williams,1993) and

Prioritized Sweeping (Moore and Atkeson, 1993). In these techniques,

instead of randomly choosing the states for updates from thehypothet-

ical experiments, a dynamic priority mechanism is used. It indicates

the importance of updating a state: the priorities of the states that do

not need update are diminished, and higher priorities are set to states

in need of updating. The main di�erence between Prioritized Sweeping
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and the Queue-Dyna is that the former updates only the value function

V , while the latter considers the action value function Q.

Butz (2002) proposed the combination of an online model learner

with a state value learner in a MDP. The model learner learns apredic-

tive model that approximates the state transition function of the MDP

in a compact, generalized form. State values are evaluated by means

of the evolving predictive model representation. In combination, actual

action choice depends on state values predicted by the predictive model

yielding anticipatory behavior. It is shown that this combi nation can

be applied to further speed up learning of an optimal policy.

In most RL algorithms, even if two problems are very similar at some

abstract level, solving one will not help to solve the other and an exten-

sive re-learning e�ort may be required. Drummond (2002) proposed a

system that accelerates RL by transferring parts of previously learned

solutions to a new problem, exploiting the results of prior learning

to speed up the process. The system identi�es subtasks on thebasis of

stable features that arise in the multi-dimensional value function due to

the interaction of the learning agent with the world during t he learning

process. A partitioning of the state space and of the value function is

made, de�ning individual subtasks. The relationship among subtasks

is represented in a composite graph, which represents the whole task.
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As the agent learns, it can access a case base that contains clipped

parts of previous learned value functions that solves individual prob-

lems. The graphs are used to index solution functions storedin that case

base. Knowledge transfer is achieved by transforming and composing

functions from the base to form an approximation to the solution of

the new task. This approximation is then used to reinitialize the value

function of the new learning process. Drummond argues that \it is not

necessary for the transfer to produce an exact solution for the new task,

and that it is su�cient that the solution is close enough to th e �nal

solution to produce an average speed up" (Drummond, 2002, page 60).

The idea of identifying features in the value function and thus pro-

ducing learning acceleration, as proposed by Drummond (2002), as

well as the idea of learning the environment model to speed upthe

action policy computation are ideas that inspired the present work. We

propose to integrate all information available in a heuristic function

that guides the state-space exploration.

2.4. Combining Heuristics and Reinforcement Learning

An interesting property of the RL algorithms described in previous

sections is that, although the exploration-exploitation t radeo� must

be addressed, theQ values will converge to the optimal value Q� ,
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independently on the exploration strategy employed, provided all state-

action pairs are visited often enough (Watkins, 1989). Our idea is to

use this facility to propose a general formulation for a variation of the

RL algorithms that considers the use of heuristic-guided exploratory

action policies. Conveniently chosen heuristics can be used for selecting

appropriate actions to perform in order to guide exploration of the

state-action space during the learning process. This way, the learning

process can be conducted in the direction of useful regions of the state-

action space, improving the learner behavior. In many cases, the total

learning time for �nding an optimal policy may not be reduced, but

learning is quickly conducted towards regions of the state space which

allow for reasonably good action policies, already at initial stages of

the learning process.

The Q(� ) and the SARSA(� ) algorithms extend the original Q-

learning and SARSA algorithms by, instead of updating a state-action

pair at each iteration, updating all pairs in the eligibilit y trace, allow-

ing the reward to be spread over several pairs. By doing this,both

algorithms modify the way in which the update of the value function

estimate is done, without explicitly modifying the exploration policy.

The Dyna architecture main characteristic is to allow the execution

of hypothetical experiences, integrating execution-time-planning and

learning by alternately interacting with the real environm ent and on
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its learned model. In this way, this architecture aim at encouraging and

increasing exploration.

The use of heuristics to guide exploration is the fact that most

distinguishes the algorithm proposed in next section from algorithms

based on the Dyna architecture { including algorithms such as Dyna-

Queue and Prioritized Sweeping { as well as from every other RL

algorithm. The use of an explicit heuristic function to guide exploration

of the state-action space reduces learning time, and, as theaction value

update rule is not modi�ed, learning will further re�ne the d e�ned

heuristics and quickly remove any error.

Finally, using heuristics in a learning algorithm is an ideapursued in

other contexts, such as in Ant Colony Optimization (Bonabeau, Dorigo

and Theraulaz, 2000). However, the full possibilities and specially a

convenient formalization for their use have not been fully explored in

the Machine Learning literature. This motivates the de�nit ion of a

general class of algorithms that combines heuristics and RLtechniques.

3. Heuristically Accelerated Learning - HAL

Formally, a Heuristically Accelerated Learning (HAL) algo rithm is a

way to solve a MDP problem with explicit use of a heuristic function
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H : S � A ! < for in
uencing the choice of actions by the learning

agent. H t (st ; at ) de�nes the heuristic that indicates the importance of

performing (at time t) action at when visiting state st .

An important characteristic of a HAL algorithm is that the he uristic

function can be modi�ed or adapted online, as learning progresses and

new information for enhancement of the heuristic becomes available.

In particular, either prior domain information or initial l earning stage

information can be used to de�ne heuristics to accelerate learning.

Additionally, we must point out that there are many methods, which

can be used to extract a convenient heuristic. Considering the great

number of domains suitable for RL algorithms and the vast number of

knowledge extraction methods, it is not di�cult to informal ly validate

this assumption.

A generic procedure for HAL can be de�ned as a four-step pro-

cess, sequentially repeated until a stopping criteria is met, according

to Table I.

3.1. The Heuristic Function H

The heuristic function is an action policy modi�er which does not

interfere with the standard bootstrap-like update mechanism of RL

algorithms. A proposed strategy for action choice is an� � Greedy mech-
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Table I. The \Heuristic Accelerated Learning" algorithm

Produce an arbitrary estimation for the value function.
De�ne an initial heuristic function H t (s; a) using an appropriate method.
Observe the current state s.
Repeat:

Select an action a by adequately combining the heuristic function and
the value function.

Execute action a.
Receive reinforcement r (s; a) and observe next state s0.
Update H t (s; a) using an appropriate method.
Update value function.
Update state s  s0.

until a stopping criteria is met,
where s = st , s0 = st +1 and a = at .

anism where a heuristic mechanism formalized as a functionH t (st ; at )

is considered, thus:

� (st ) =

8
>>>><

>>>>:

arg maxat

h
Ft (st ; at ) ./ �H t (st ; at )�

i
if q � p;

arandom otherwise

(8)

where:

� F : S � A ! < is an estimate of a value function that de�nes the

expected cumulative reward. If Ft (st ; at ) � Q̂t (st ; at ) we have an

algorithm similar to standard Q{Learning .

� H : S � A ! < is the heuristic function that plays a role in

the action choice. H t (st ; at ) de�nes the importance of executing
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action at in state st . Note that the t index means that the heuristic

function can change through time.

� ./ is a function that operates on real numbers and produces a value

from an ordered set which supports a maximization operation.

� � and � are design parameters that control the in
uence of the

heuristic function.

� q is a random value uniformly distributed over [0; 1] and p (0 �

p � 1) is a parameter that de�nes the exploration/exploitation

tradeo�: the larger p, the smaller is the probability of executing a

random exploratory action.

� arandom is an action randomly chosen among those available in

state st .

In general, the value ofH t (st ; at ) must be larger than the variation

among the values ofF(st ; a) for a given st 2 S, so that it can in
uence

the action choice. On the other hand, it must be as small as possible in

order to minimize the error. If ./ is a sum and� = � = 1, a heuristic

can be de�ned as:
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H t (st ; at ) =

8
>>>><

>>>>:

maxa [Ft (st ; a)] � Ft (st ; at ) + � if at = � H (st );

0 otherwise:

(9)

where � is a small value and� H (st ) is a heuristic obtained using an

appropriate method.

For instance, let [1:0 1:1 1:2 0:9] be the values ofF(st ; a) for four

possible actions [a1 a2 a3 a4] for a given statest . If the desired action is

the �rst one ( a1), we can use� = 0 :01, resulting in H (st ; a1) = 0 :21 and

zero for the other actions (see Figure 1). The heuristic can be de�ned

similarly for other de�nitions of ./ and values of� and � .

The function ./ is the last remaining item to be discussed, according

to the formulation presented in Equation 8. Any function wit h a real-

valued domain producing values from an ordered set can be used. The

use of simple addition is particularly convenient, as it allows for an

analysis of the in
uence of H in a manner similar to the analysis of

heuristics in informed search algorithms, such asA � (Hart et al., 1968;

Russell and Norvig, 2002).
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F(s,a2) = 1.1
H(s,a2) = 0

F(s,a3) = 1.2
H(s,a3) = 0

F(s,a1) = 1.0
H(s,a1) = 0.21

F(s,a4) = 0.9
H(s,a4) = 0

ss t t+1

Figure 1. Suppose a statest and a desired statest +1 . The value of H (st ; a1) for the
action that leads to st +1 is 0:21, and zero for the other actions.

4. De�nining the Heuristic Function H

A fundamental point to be addressed is how to discover, at an initial

learning stage, which action policy must be used in order to accelerate

learning. From the de�nition of a HAL algorithm and from the a nalysis

of heuristic functions of the last section, this issue translates into how

to de�ne the heuristic function in an initial situation.

Naturally, there are many methods that can be used to de�ne a

heuristic function. We divide these in two main classes:
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CompositionEstimation

Value Function Structure
Heuristic

Extraction

Heuristic

Domain

Structure

Figure 2. General scheme for methods to infer the Heuristic Function.

� The class of methods that use prior domain knowledge to infera

heuristic. These methods can either establish an ad-hoc heuristic

for the problem to be addressed, or reuse action policies previ-

ously learned in similar tasks to de�ne heuristics in a case-based

approach.

� The class of methods that use information from the learning pro-

cess itself to infer a heuristic in execution time. Information used

to infer the heuristic can originate from, for instance, the current

action policy, the value function, the state space trajectory, etc.

Excluding heuristics that are de�ned in an ad hocmanner, methods

to infer a heuristic function work in two stages. The �rst sta ge extracts

domain structure information from the value function F, and the second

stage �nds the heuristic for the action policy { either in execution time

or from a database of cases { using the information extractedfrom F.

We call these stages respectivelyStructure Extraction and Heuristic

Composition (see Figure 2).

As an example of a case-based method for heuristic extraction is

a policy reuse approach, where information extracted from the value
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function is matched against a case base for de�ning a policy that can be

used as an heuristic for a new problem (Drummond, 2002). In general,

case-based methods can face two problems: �rst, how to extract relevant

features of a case for indexing the case base, and second, howto adapt

a previous case for a current matched situation.

4.1. Structure Extraction

A simple technique for extracting information about the problem struc-

ture during the learning algorithm execution time is to use the in-

formation derived from exploration. This technique, called \Structure

from Exploration", is exempli�ed in Subsection 6.1 for a mobile robot

domain.

This technique derives a crude estimate of the transition proba-

bilities P̂t (st ; at ; st+1 ), by annotating the results of every action per-

formed by the agent. In the case of a mobile robot, for every move

a record of success or failure (in the case of an obstacle blocking the

move) is done. Along time, this will generate a representation of the

environment. Other approaches for extracting structure are describe

elsewhere (Bianchi, 2004).
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4.2. An Approach for Heuristics Composition: Heuristic

Backpropagation

In the same way that a variety of methods can be used to extract

structure, di�erent approaches can be used in the heuristiccomposition

stage. We present here a method for on-line automatic composition of

a heuristic from the extracted domain structure: the Heuristic Back-

propagation method. The basic idea is to backpropagate, from a set of

�nal states, the correct policies that lead to those states.For instance,

in a single goal problem, once a terminal state is reached, the heuristic

is de�ned as the set of actions that, from the immediately preceding

states, leads to the terminal state. This heuristic is propagated recur-

sively to the predecessors of the states that the heuristic have already

de�ned, until the heuristics for all states are de�ned.

In a problem with many goal states the same algorithm can be used,

but instead of starting propagation from a single state, it considers all

the states from the set of �nal states. If the complete set of �nal states

is not known a priori, the algorithm generates the heuristic using all

known �nal states and, in the event of the discover of new �nal state,

the heuristic is recomputed.

Heuristic Backpropagation is an application of the basic Dynamic

Programming algorithm (Bertsekas, 1987, p. 12), which proceeds back-
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wards from the �nal states to the initial states, de�ning the policy

and the cost of the transitions. In domains where all the transition

probabilities and states are known, both work in the same way. If only

part of the environment structure is known, Heuristic Backpropagation

is performed only for states that have been visited. In the case of

autonomous robotic mapping, an environment model (i.e., a map) is

gradually constructed. In this case, Heuristic Backpropagation can then

be performed in parts of the environment that were already mapped.

Combining any structure extraction method with Heuristic B ack-

propagation generates an algorithm to de�ne the heuristic function. In

Section 6, we consider this to de�ne a new algorithm, named \Heuristics

from Exploration". It extracts information about the struc ture of the

environment by means of the \Structure from Exploration" me thod,

and then de�nes the heuristic using Heuristic Backpropagation.

5. Heuristically Accelerated Q{Learning : HAQL

HAQL is a heuristic-based extension of theQ{Learning algorithm (Sec-

tion 2.2). In order to implement HAQL, it is necessary to de�n e an

action policy rule based on Equation 8 and a method for heuristic

updating. We �rst consider a modi�cation of the standard � � Greedy
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Q{Learning action policy, incorporating the heuristic function as an

addition (with � = � = 1 ) to the action value function. Thus:

� (st ) =

8
>>>><

>>>>:

arg maxat

h
Q̂(st ; at ) + H t (st ; at )

i
if q � p;

arandom otherwise:

(10)

The value of the heuristic is de�ned by instantiating Equati on 9:

H (st ; at ) =

8
>>>><

>>>>:

maxa Q̂(st ; a) � Q̂(st ; at ) + � if at = � H (st );

0 otherwise:

(11)

Convergence of this algorithm is presented in (Bianchi, 2004), to-

gether with the de�nition of an upper bound for the error.

The complete HAQL algorithm is presented in Table II. Note that

the only modi�cations made to the original Q-learning algorithm are

a heuristic function for the action choice and an update stepfor the

function H t (st ; at ).

The function H t (st ; at ) can be extracted by using any method. Nat-

urally, a careful choice can accelerate computation and increase the

generality of the algorithm. The experiments described below show

how HAQL can be used together with \Heuristic from Explorati on"

method described in Section 4 in Mobile Robot domains.
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Table II. The HAQL Algorithm.

Initialize Q(s; a).
De�ne an initial heuristic function H t (s; a) using an appropriate method.
Observe the current state s.
Repeat:

Select action a using equation (10).
Execute action a.
Receive reinforcement r (s; a) and observe next state s0.
Update the values of H t (s; a) using an appropriate method.
Update the values of Q(s; a) according to the update rule:
Q(s; a)  Q(s; a) + � [r (s; a) + 
 maxa0 Q(s0; a0) � Q(s; a)].
Update state s  s0.

Until a stopping criteria is met,
where: s = st , s0 = st +1 , a = at and a0 = at +1 .

6. Experimental Results in Mobile Robot Domains

A basic task of an autonomous mobile robot is to navigate in anenvi-

ronment, aiming to reach goals in speci�ed positions, whiledeviating

from obstacles. This section present results for three di�erent experi-

ments: a study on the \Heuristic from Exploration" method (S ubsec-

tion 6.1), the use of the HAQL for simulated navigation in the grid

world domain (Subsection 6.2) and the use of HAQL for simulated

navigation of a real mobile robot (Subsection 6.3).

As reinforcement learning requires a large number of episodes for

convergence, we initially analyzed HAQL in simulated domains. In all

the experiments (with the exception of the one related in Section 6.3)

the domain is a N � M grid world where a mobile robot can | at

discrete time steps | choose among four possible actions N, S, E e W
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(respectively North, South, East and West), which identify the move-

ment direction in global coordinates. Each action moves therobot to the

cell corresponding to the movement direction established by the action.

The environment is composed by walls, identi�ed as positions to which

the robot cannot move (see Figure 3). This domain has been used very

often for experiments on mobile robot navigation learning (Drummond,

2002; Foster and Dayan, 2002; Kaelbling et al., 1996).

Training consists of a sequence of executed episodes: each episode

starts by positioning the robot in a randomly chosen cell and�nished

once the goal cell (goal state) is reached (Mitchell, 1997).

The experiments reported here were programmed in C++ (GNU

g++ compiler under Linux) and executed in a 256 MB RAM Pentium

3-500MHz computer (for the experiments in Subsections 6.1 and 6.2)

and in a 512 MB RAM Pentium 4m-2.2GHz computer (Subsection 6.3).

Finding an optimal policy for small grid worlds is not di�cul t and

can be done via a Dynamic Programming algorithm. Figure 4 shows

the optimal policy found by the Policy Iteration algorithm a fter 38

iterations that took a total of 811 seconds for completion.
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G

R

Figure 3. Room with walls (represented by dark lines) discretized over a position
grid (represented by lighter lines). G represents the goal position and R the robot.

Figure 4. Optimal policy for a mobile robot in a 25 x 25 environment with some
walls. Double arrows mean that for a given position it does no t make any di�erence
which of the two actions to choose.

6.1. Use of \Heuristics from Exploration" Methods in

Execution Time

This section presents experiments that corroborate the hypothesis that

information derived from the initial stages of training all ows the de�ni-
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tion of heuristics that can be used to accelerate learning. We used the

Q{ Learning algorithm in the domain presented in Section 3, with the

following parameters: 
 = 0 :99, � = 0 :1 and exploration rate of 10%.

Reinforcements were de�ned as 10 for reaching a goal state (located in

the upper right corner of the environment) and � 1 for every executed

action.

6.1.1. Structure Extraction

For the experiments in the robotic domain reported in this paper, good

results were obtained with the method \Structure from Explo ration".

As presented in Subsection 4.1, this technique derives a crude esti-

mate of the transition probabilities P̂t (st ; at ; st+1 ), by annotating the

results of every action performed by the agent. In a grid world with

thick walls (i.e., walls that correspond to entire cells), this method

generates a sketch of the map environment by annotating the visited

cells, similarly to occupancy-grid methods (Elfes, 1989).The generated

structure is shown in Figure 5, where in black are cells that were

visited at least once and in white are never visited cells. This result

was obtained after 100 training steps, using exploration rate of 10% to

allows the visitation of all possible cells.

For static deterministic environments this method can construct

a perfect map of the environment, provided all the state-action pair
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Figure 5. Structure generated by the method \Structure from Explorat ion", where
in black are visited cells and in white never visited cells.

visitations are recorded. In the case of non-deterministicenvironments

subject to localization errors | a very common situation in m obile

robot navigation | it is necessary to �nd out which states hav e been

visited less often, using a thresholding process with respect to the

visitation frequency (Subsection 6.3).

The results above can also be observed for grid worlds with thin

walls (i.e., walls that correspond to cell frontiers). Notice that this is

the case where state transition is forbidden not necessarily due to a

physical obstacle. Tests with other methods for structure extraction

are described elsewhere (Bianchi, 2004).
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6.1.2. Construction of the Heuristic

For constructing a heuristic from the structure we used the \Heuristic

Backpropagation" method proposed in Subsection 4.2.

Figure 6 shows, step by step, the construction of the heuristic for

an agent that must reach a single goal state located at the upper right

corner of the image, based on the structure presented in Figure 5.

From left to right and top to bottom, we can see the propagation

of the heuristic for the �rst 24 iterations of the algorithm. At each

iteration, the heuristic is de�ned for all the states predecessors of the

states that the heuristic have already been de�ned. For example, in the

�rst image, there are only two states that lead to the �nal sta te. After

71 iterations, the same optimal policy presented in Figure 4is produced

(Figure 8-a). The only di�erence between them is that doublearrows in

the former �gure mean that for a given position there are two equally

good actions to choose, while in the latter only one action ofall equally

good actions for a state is de�ned.

Figure 7 presents the result of the same algorithm for problems with

many goal states. Instead of only one �nal state, there are four �nal

states, located at the four corners of the environment. The algorithm

builds up the heuristic by starting propagation from all the states in

the set of �nal states. From left to right and top to bottom, it is shown

the propagation of the heuristic for the �rst 24 iterations ( from a total

JournalOfHeuristics-HAQL.tex; 28/04/2006; 15:12; p.30



31

of 27) of the algorithm. The resulting heuristic is presented in Figure 8-

b. Finally, Figure 9 presents the heuristic computed for four di�erent

multiple-goals problems, with two, four, �ve and twenty-�v e �nal states.

6.2. Experiments on HAQL

Once a heuristic has been found, we must assess its performance as a

learning acceleration mechanism for the HAQL algorithm. For a �rst

test, we produced three experiments using the \Heuristic from Explo-

ration" method in a mobile robot domain: a) robotic navigati on in an

unknown environment, b) robotic navigation in a modi�ed env ironment

and c) robotic navigation with goal repositioning. These experiments

have been used elsewhere for testing learning algorithms inmobile

robotic domains (Drummond, 2002).

The heuristic function is de�ned from Equation 11 as:

H (st ; at ) =

8
>>>><

>>>>:

maxa Q̂(st ; a) � Q̂(st ; at ) + 1 if at = � H (st );

0 otherwise:

(12)

This is calculated only once, in the �rst learning episode. In the

following episodes, the value of the heuristic is maintained, allowing the

learning algorithm to overcome bad action indications (e.g., if H (st ; at )
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Figure 6. Heuristic de�ned based on the structure presented in Figure 5.
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Figure 7. Heuristic de�ned for a problem with four �nal states, based o n the
structure presented in Figure 5.
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(a) (b)

Figure 8. Heuristic de�ned for a problem with (a) one and (b) four �nal s tates,
based on the structure presented in Figure 5.

(a) (b)

(c) (d)

Figure 9. Heuristic de�ned for a problem with (a) two, (b) four, (c) �ve and (d)
twenty-�ve �nal states, in an enviromnent without any walls .
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was to be calculated for every episode, it would be hard to overcome a

bad heuristic).

For comparison purposes, the same experiments were run withthe

Q{Learning algorithm. The parameters for the next three experiments

(using Q{Learning and HAQL) were: learning rate � = 0 :1, 
 = 0 :99,

exploration rate 0:1. Reinforcements were 10 units reward for reaching

the goal state and� 1 unit punishment for every action execution.

6.2.1. Robotic Navigation in an Unknown Environment

In this experiment, a randomly positioned robot must learn a policy

that leads it to the goal in an unknown environment. For this t ask

we carried out a comparison betweenQ{Learning and HAQL using the

method \Heuristic from Exploration" for accelerating lear ning from the

10th learning episode (de�ned empirically).

From the �rst to the ninth learning episode, HAQL extracts th e do-

main structure, with no use of heuristics. Thus, it behaves similarly to

Q{Learning , but with a mechanism for structure extraction operating

in parallel. At the end of the ninth episode, the heuristic is built up

using Heuristic Backpropagation, and the values ofH (st ; at ) are de�ned

from Equation 12.

The 10th episode was chosen for initiating the acceleration process,

thus allowing some prior exploration. The likelihood of �nd ing a good
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heuristic is increased because the environment is small andthe robot

is repositioned at a random position at the start of each episode.

Results were averaged over 30 training sessions held in ninedi�erent

con�gurations for a 55 � 55 positions environment { a room with walls

and hallways { as shown in Figure 10. In this experiment, the goal is

located in the upper left corner.

Results in Figure 11 present the average of all 270 training sessions

(30 sessions for each of the 9 con�gurations). It can be seen that whilst

Q{Learning keeps on looking for a best action policy, HAQL starts

using an optimal policy immediately after acceleration, executing the

minimum number of steps to reach the goal after the 10th episode.

The Student T-test (Spiegel, 1975) was used to validate the hypoth-

esis that HAQL actually accelerates learning. The absolutevalue of

T was calculated for each episode using the same data presented in

Figure 11. Figure 12 shows that from the tenth iteration onwards Q-

learning and HAQL have remarkably distinct behavior (with a superior

performance by the latter), with a signi�cance level of 0.01% (that

is, if the absolute value of T is greater than the 0.01% bound, the

performance is statistically di�erent).
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 10. Nine di�erent con�gurations of a room with walls (the white l ines). The
goal is located in one of the corners.

6.2.2. Robotic Navigation in a Modi�ed Environment

The heuristic created by the \Heuristic from Exploration" m ethod does

not always correspond to an optimal policy. The environment map

JournalOfHeuristics-HAQL.tex; 28/04/2006; 15:12; p.37



38

0

5000

10000

15000

20000

25000

30000

35000

40000

45000

0 5 10 15 20

S
te

ps

Episodes

Q-Learning
HAQL

10

100

1000

10000

100000

0 5 10 15 20

S
te

ps

Episodes

Q-Learning
HAQL

Figure 11. Learning results for acceleration in an unknown environmen t, at the end
of the 10th episode, using \Heuristic from Exploration". (N umber of steps to reach
the goal x episode number, with error bars. Lower in monolog. )
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Figure 12. Results of the Student T -test for an unknown environment.

sketch can be far from perfect, and some actions pointed as adequate

by the heuristic may not be. For instance, if the structure extraction

process fails to completely determine a wall, the heuristiccan force the

robot to keep trying to move to an invalid position.

Similarly to the experiment described in the last section, here a robot

must learn how to reach a goal once it is placed in a random position of

an unknown environment. However, at the end of the ninth iteration a

small modi�cation of the environment is arti�cially produc ed. Our aim
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is to verify how HAQL performs when such modi�cations occur, thus

simulating a heuristic that is not completely adequate.

Between the �rst and the ninth episode, HAQL simply extracts the

environment structure with no use of a heuristic. At the end of the ninth

episode (and therefore coincidentally with the environment modi�ca-

tion), the heuristic is designed using the \Heuristic backpropagation",

method, and the values of H (st ; at ) are de�ned from Equation 12.

From the 10th episode onwards this heuristic is then used to accelerate

learning.

For this experiment a single environment con�guration with 55� 55

positions was used, as shown in Figure 13. The goal is locatedin the

upper left corner. Figure 13-a shows the environment up to the end of

the ninth episode. Notice that there are hallways to the left and right of

the horizontal wall. At the start of the tenth episode, the ri ght hallway

is closed, as can be seen in Figure 13-b.

The heuristic generated by the method \Heuristic from Exploration"

for this problem is shown in Figure 14-a. Notice that is very similar to

the optimal policy for the environment with closed hallway in the right

horizontal wall (Figure 14-b).

Figure 15 presents results for HAQL with the heuristic created for

the environment with an incomplete wall (averaged over 30 training

sessions). At the moment of the start of the acceleration process, which
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(a) Environment up to the end of
the ninth episode

(b) Environment from the tenth
episode onwards

Figure 13. (a) The environment used for de�ning the heuristic and (b) th e
environment where the heuristic is used.

is the same moment that the environment is modi�ed, a worsening of

performance occurs, but acceleration begins as soon as the agent learns

to ignore the heuristics in the states they are not e�ective.

The result of the Student T-test for the data presented in Figure 15

can be seen in Figure 16. Notice that from the 60th iteration onward the

majority of the results is signi�cantly distinct due to the a cceleration

process in HAQL, with a con�dence level of at least 95%.

JournalOfHeuristics-HAQL.tex; 28/04/2006; 15:12; p.41



42

(a) The heuristic extracted (b) The optimal policy

Figure 14. (a) The heuristic extracted from the environment of Figure 1 3-a and (b)
the optimal policy for the environment of Figure 13-b. (55 x 5 5 cells.)

6.2.3. Robotic Navigation with Goal Repositioning

The goal of this experiment is to compare how theQ{Learning algo-

rithm and the HAQL algorithm behave when the goal is repositioned

in an advanced stage of the learning process.

Once more HAQL initially behaves as Q{Learning , however with

simultaneous execution of the structure extraction algorithm. At the

end of the 4999th episode (empirically de�ned as an advanced stage

of the learning process) the goal is repositioned from the upper right

corner to the lower left corner.

As a result, both algorithms have to �nd the new goal position, but

as both are following the previously learned policy, there is performance
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Figure 15. Learning results for acceleration in a modi�ed environment at the end
of the tenth episode, using \Heuristic from Exploration". ( Number of steps to reach
the goal x episode number. Lower with error bars.)
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Figure 16. Results of the Student T -test for acceleration at the tenth iteration in a
modi�ed environment.

degradation and new requirements for execution of a large number of

steps to reach the new goal position.

As soon as the HAQL-controlled robot reaches the goal (at theend of

the 5000th episode), the heuristic to be used is designed using \Heuristic

Backpropagation" from the (not modi�ed) environment struc ture and

the new goal position, and theH (st ; at ) values are de�ned. This heuris-

tic is then used from the 5001st episode, resulting in better performance

with respect to Q{Learning , as shown in Figure 17.
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As expected, HAQL has performance similar toQ{Learning up to

the 5000th episode. At this stage, both Q{Learning and HAQL need

around 1 million steps to reach the new goal position.

After goal repositioning, while Q{Learning needs to relearn the whole

policy, HAQL always performs the minimum number of steps required

for reaching the goal. Figure 17 also shows that the deviation in each

episode is small due to the fact that the agent is positioned in di�erent

initial states for each training session.

The Student T-test was used to statistically validate the results.

The absolute value ofT was calculated for each episode using the same

data presented in Figure 17. The results are shown in Figure 18. From

the 5001st iteration results are signi�cantly di�erent, wi th a level of

con�dence of more than 99%.

6.2.4. Discussion

This section presented a comparison betweenQ{Learning and HAQL

in an autonomous mobile robot domain. It was veri�ed that the use of

heuristics by HAQL accelerates learning through the use of information

acquired during the learning process.

Very often, slight structural modi�cations in the domain ca uses

havoc in the problem solving process by initializing a learned policy and

requiring complete relearning. Subsections 6.2.2 and 6.2.3 show that
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Figure 17. Learning results for goal repositioning in the 5000th episode, using
\Heuristic from Exploration" in HAQL. (Number of steps to re ach the goal x episode
number, in monolog scale in the upper �gure, with error bars i n the lower �gure.)
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Figure 18. Results of the Student T -test for goal repositioning in monolog.

HAQL permits reuse of knowledge acquired during the learning process.

Reuse is carried out in a very simple manner, in the policy itself and not

in the value function estimate (Drummond, 2002). Another interesting

feature of HAQL is that even if the heuristic is not completely adequate,

performance enhancement can take place (as shown in subsection 6.2.2)

due the partial correctness of the heuristic.

6.3. Simulation of a real robot

The objective of this section is to verify the performance ofHeuristically

Accelerated Q{Learning in a navigation problem for a simulated mobile
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robot, with a more complex dynamics than a grid world, operating in

a non-deterministic environment and subject to positioning errors.

The chosen platform is the Saphira 8.0 simulator (Konolige and

Myers, 1996) controlling a Pioneer 2DX mobile robot. Its simulation

module incorporates error models that are very close in behavior to

those of the real sensors { sonars and encoders { in such a way that if

a software routine operates in the simulator it is very likely that it will

be also adequate for a real implementation.

Saphira uses a client-server architecture. The server module uses

a global map based on a reference coordinate system, accessible only

to the simulator, which represents the robot environment. The client

module controls the robot and uses a local map on coordinatescentered

on the robot.

The reference coordinate system is a 2-D cartesian system. If any

path is initiated from a known position with a known velocity and

movement direction are accurately measured, the robot state (or pose)

can be de�ned by integrating measurements of wheel turns in aprocess

known as dead-reckoning. Unfortunately, dead-reckoning is prone to

cumulative errors due to wheel slippage, surface irregularities and mea-

surement errors. Thus, in realistic situations, techniques that combine

information from an action model and from sensors are required for

reducing the localization error.
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For the experiment reported in this section (and in contrast with

the experiments on grid worlds) the robot state was determined from

local sensor and action models for state estimation based onbelief

updating through the Monte Carlo localization technique (Fox et al,

1999; Sebastian Thrun et al., 2001). Determination of a global state

from local sources of information is actually a basic competence for a

mobile robot.

Figure 19 shows the Saphira 8.0 simulation environment. Theupper

image corresponds to the client, which controls the mobile robot. The

small squares around the robot result from the sonar sensor readings,

and the points correspond to the particles (state candidates) used for

Monte Carlo localization. The arrow indicates the likeliest robot orien-

tation. The lower image shows the simulator screen, presenting the real

pose of the robot. Figure 20 is a detailed view of the particles used for

Monte Carlo localization.

The environment is a simulated 10� 10 meters square, discretized

as a grid of 20� 20 cells (the length of each cell | 0 :5 meters |

corresponds approximately to the diameter of the robot). The robot

orientation was partitioned in 16 discrete values, each corresponding to

a 0:35 radians sector. Thus, the set of discretized state variables (x, y,

� ) used for learning is a coarse representation of the robot real state.
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Figure 19. The Saphira 8.0 simulation platform. The upper �gure shows t he client
screen (with the robot position in the reference plane). The lower �gure is the
simulator screen (showing the real position of the robot).

JournalOfHeuristics-HAQL.tex; 28/04/2006; 15:12; p.50



51

Figure 20. Monte Carlo localization: points indicate the position of p articles, each
one de�ning a possible location of the robot. State uncertai nty is lower in the upper
image than in the lower images.
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Four actions were de�ned as executable by the robot: move ahead or

backwards (a distance corresponding to the robot diameter)and turn

0:35 radians either clockwise or anticlockwise.

In this domain, we made a comparison betweenQ{Learning and

HAQL using the \Heuristic from Exploration" method to accel erate

learning from the 5th episode onwards. The environment can be seen

in the lower part of Figure 19.

To extract information about the environment structure we u sed the

\Structure from Exploration" method: every time the robot v isits a cell,

a frequency counter for that cell is incremented. At the end of the �fth

iteration, this computation is thresholded, resulting in a environment

map sketch that is used to crete the heuristic via Heuristic Backprop-

agation. Figure 21 shows one of the created map sketches. As can be

seen, the map is not homomorphic with respect to the environment,

resulting in a heuristic which does not indicate the optimal policy.

Furthermore, the created heuristic (presented in Figure 22) drives the

robot to regions very close to the walls, allowing it to get immobilized.

Parameters for both Q{Learning and HAQL were: learning rate � =

0:1, 
 = 0 :99 and exploration rate of 10%. The Monte Carlo localization

algorithm operated over a set of 10; 000 particles. Reinforcements were:

1000 for reaching the goal state and� 10 for any executed action. The

robot starts each training episode from a random pose, and the goal
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(a) Number of visits (b) Map

Figure 21. Number of visits (lighter tones indicate more visits) and ma p sketch
created using the method \Structure from Exploration" for t he Saphira environment.

Figure 22. The heuristic created from the map sketch presented in Figur e 21.

corresponds to a region in the upper right corner (de�ned as the region

9250mm � x; y � 9750mm).

Results averaged over 30 experiments are shown in Figure 23.Note

that, even with the use of Monte Carlo localization, there is large

variation on the results for the Q{Learning algorithm, caused by cumu-
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Table III. Results of the Student T -test: heuristic learning acceleration in the
�fth episode | HAQL in the Saphira simulation environment.

Episode Q{Learning HAQL jT j Con�dence Level

(Number of steps (Number of steps

to reach the goal) to reach the goal)

5 7902 � 8685 65 � 51 4.942 0.01%

6 1010 8 � 10398 55 � 43 5.295 0.01%

7 8184 � 12190 72 � 61 3.644 0.02%

8 8941 � 8367 75 � 71 5.803 0.01%

9 8747 � 9484 63 � 55 5.015 0.01%

lative localization errors derived from the intensive exploration of the

environment. This variation can also be seen in the data presented on

the 2nd column of Table III. As the number of training steps is greatly

reduced by using the heuristic, the cumulative localization error and the

variation is much lower for HAQL (Table III, 3 rd column). The Student

T-test on this experiment (Table III, 4 th column) shows that from the

�fth iteration results are signi�cantly distinct, with a si gni�cance level

close to 0.01% (Table III, 5th column).

Each 10-episode training experiment took approximately 24hours

for completion usingQ{Learning and an average of 1 minute for HAQL.

Finally, Figure 24 shows the learned paths followed by the robot

using Q{Learning (upper) and HAQL (lower). The paths are a result of

the �fth training episode for both algorithms (therefore, w ith a heuristic

actuation on HAQL). The robot was released from the bottom left cell

and was required to reach the goal located in the top right corner.
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Figure 23. Results of heuristic learning acceleration in the �fth epis ode | HAQL in
the Saphira simulation environment. (Number of steps to rea ch the goal x episode
number.)
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Note that the exploratory nature of Q{Learning produced random-like

walks, generating 12081 learning steps for reaching the goal. HAQL

produced only 86 steps for reaching the goal. Clearly, the role of the

heuristic is to limit exploration.

7. Conclusions and Future Work

We have proposed a general formulation for reinforcement learning al-

gorithms { HAL { that combines on-line policy learning with h euristic

functions for selecting promising actions during the learning process.

This way, heuristics can guide exploration of the state-action space so

that the rate of convergence of an RL algorithm can be increased.

An important characteristic of HAL algorithms is that the he uristic

function can be modi�ed or adapted online, as learning progresses and

new information for enhancement of the heuristic becomes available.

In particular, either prior domain knowledge or previous learning stage

information can be used to accelerate learning. Another important fea-

ture is that the heuristic function is an action policy modi� er that does

not interfere with the standard bootstraping update mechanism of RL

algorithms.

JournalOfHeuristics-HAQL.tex; 28/04/2006; 15:12; p.56



57

0

2000

4000

6000

8000

10000

0 2000 4000 6000 8000 10000

Y

X

I

G

 0

 2000

 4000

 6000

 8000

 10000

 0  2000  4000  6000  8000  10000

Y

X

I

G

Figure 24. Paths followed by the robot using Q{Learning (upper) and HAQL (lower)
in the Saphira 8.0 simulation environment, after the 5 th training episode.
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We also have contributed a new learning algorithm, Heuristically Ac-

celerated Q-learning (HAQL), which incorporates heuristics for action

selection to the Q-Learning algorithm. A series of empirical evaluation

of HAQL in a commercial simulator for the robot navigation domain

were carried out. Experimental results showed that the performance of

the learning algorithm can be improved even using very simple heuristic

functions.

The experiments reported in this work were carried out in static

environments. Despite the small number of experiments conducted in a

non-deterministic environment (Section 6.3), we believe that the frame-

work proposed applies to stochastic problems as well as to deterministic

ones.

Another important topic to be investigated in future works i s the

use of generalizations of the value function space used to generate the

heuristic function.

Future works also include investigations on how to accelerate re-

inforcement learning by using heuristics transfer from related tasks.

Without such transfer, even if two tasks are very similar at some

abstract level, an extensive re-learning e�ort is required. However, it

seems more promising to transfer parts of previously learned solutions

rather than a single complete solution. These solution pieces represent

knowledge (built in heuristics) about how to solve certain subtasks.
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The same idea can be extended to multiagent learning, so thatknowl-

edge can be exchanged among learning agents in order to improve the

multiagent performance.
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